In this paper we prove that the k-th order metric-affine Lovelock Lagrangian is not a total derivative in the critical dimension n = 2k in the presence of non-trivial non-metricity. We use a bottom-up approach, starting with the study of the simplest cases, Einstein-Palatini in two dimensions and Gauss-Bonnet-Palatini in four dimensions, and focus then on the critical Lovelock Lagrangian of arbitrary order. The two-dimensional Einstein-Palatini case is solved completely and the most general solution is provided. For the Gauss-Bonnet case, we first give a particular configuration that violates at least one of the equations of motion and then show explicitly that the theory is not a pure boundary term. Finally, we make a similar analysis for the k-th order critical Lovelock Lagrangian, proving that the equation of the coframe is identically satisfied, while the one of the connection only holds for some configurations. In addition to this, we provide some families of non-trivial solutions.
Introduction
Lovelock gravities are a family of higher-curvature Lagrangian terms that form a natural extension to standard General Relativity. Introduced in the early 1970s by Lovelock [1, 2] (though the easiest non-trivial case, Gauss-Bonnet gravity, was already identified by Lanczos in 1938 [3] ), they are characterised as the unique higher-curvature terms that give rise to second-order differential equations after varying with respect to the spacetime metric. It is precisely this property that makes the theory such a natural extension, as it is guaranteed to be ghost-free [4, 5] . In this way, Lovelock gravities are singled out with respect to all other higher-curvature extensions, which generically do suffer this problem. In addition, Lovelock gravities appear as string corrections to supergravity [6] [7] [8] [9] [10] [11] and over the years have attracted a lot of attention in cosmology and string theory as corrections to black hole solutions and FRW models, as alternatives of dark matter or dark energy and to obtain corrections to holographic models (see for example [12] [13] [14] [15] [16] [17] [18] ).
In n dimensions, the (metric) Lovelock action is defined as
Here ⌊x⌋ is the floor function, λ k are certain dimensionful constants and the Lagrangian densities L
are given bẙ
whereR µνρ λ is the Riemann tensor constructed with the Levi-Civita connectionΓ µν ρ , In this paper we focus our study on the dynamical properties of each of these terms separately,
From now on, we will refer toS (n) k as the k-th order (metric) Lovelock term. Working out the lowest order cases, it is easy to see that the first and second order Lovelock terms are the Einstein-Hilbert action and the Gauss-Bonnet term respectively,
where λ EH = (2κ) −1 and the Ricci tensor and scalar are defined asR µν =R µλν λ andR = g µνR µν .
1 In our signature convention (+ − ... −), we have sgn(g) = (−1) n−1 .
The dynamical properties of each Lovelock term depend crucially on the number n of dimensions in which the theory is formulated. From the definition it is clear that the k-th order Lovelock term vanishes identically in any dimension n < 2k. Also it is well known [5] that in n = 2k it is a topological term, proportional to the 2k-dimensional Euler characteristic and hence does not contribute to the equations of motion. Only in n > 2k the k-th order term is dynamical and yields non-trivial physics.
The proof that Lovelock terms in critical dimensions (i.e. the k-th order term in n = 2k) are proportional to the Euler characteristic is traditionally done via the generalised Gauss-Bonnet Theorem (see for example [19, 20] for a pedagogical introduction). Indeed, the action can be written as a surface term, i.e. as the integral of a total derivative S k = d 2k x ∂ µ F µ of some functions F µ (g, ∂g) [21] . An interesting question is how much of this picture remains true if one abandons the traditional Riemannian geometry and allows for general affine connections Γ µν ρ . Remember that in differential geometry the metric g µν and the affine connection Γ µν ρ are in principle two independent variables, that describe different geometrical properties of the manifold M : the metric measures distances between points and angles between vectors in the tangent space T p (M ) of a given point p, while the affine connection defines parallel transport of vectors between tangent spaces and hence determines the curvature of the manifold. Only in Riemannian geometry, the affine connection is chosen to be the Levi-Civita connection (1.4), which is a function exclusively of the metric. Therefore, the geometrical properties of the manifold are completely determined by g µν . On the other hand, in general metric-affine gravities, the affine connection Γ µν ρ is considered an independent variable, with its own equations of motion, that dictate the dynamics and hence the allowed solutions.
It is well known that within the space of affine connections, the Levi-Civita connection is identified as the only one that has both vanishing torsion T µν ρ = Γ µν ρ − Γ νµ ρ and vanishing nonmetricity Q µνρ = −∇ µ g νρ . In metric-affine gravity, the extra degrees of freedom come therefore from non-trivial torsion, non-metricity, or both. The aim of this paper is to study how these additional degrees of freedom affect the dynamical properties of the Lovelock terms discussed above. In particular, whether metric-affine Lovelock gravities in critical dimensions maintain their topological character, or whether the torsion and/or non-metricity give rise to non-trivial dynamics.
The metric-affine Lovelock terms (and hence the total metric-affine Lovelock action) are defined in an analogous way as their metric counterparts (1.2)-(1.6), but using a general connection, 9) where now the Riemann tensor R µνρ
is constructed from the general affine connection Γ µν ρ and has in general less symmetries than its Levi-Civita counterpart. We insist that in the action (1.8) both the metric and the connection are considered to be dynamical fields, each with its own equation of motion.
Some results are known about the space of allowed connections in metric-affine Lovelock theories. In [22] [23] [24] it was shown that general metric-affine Lagrangians L(g µν , R µνρ λ ) allow the Levi-Civita connection (1.4) as a solution only if the Lagrangian is Lovelock. In this sense, the metric formalism is always a consistent truncation of metric-affine Lovelock theories [24] . On the other hand, there are indications that Levi-Civita is in general not the only allowed connection: in [25, 26] it was proven that the most general connection for the metric-affine Einstein action in n > 2 is of the formΓ 10) for arbitrary vector fields A µ . However it was also shown that this vector field is in fact unphysical and should be interpreted as the parameter of a projective symmetry
of the Einstein-Palatini action [27, 28] . In this sense, the metric and the metric-affine formalisms are physically completely equivalent for the Einstein action in n > 2. In [29, 30] it was shown that the projective symmetry (1.11) is present in any metric-affine Lovelock theory (1.9) and hence that the affine connection (1.10) is a solution (physically equivalent to Levi-Civita) in all these cases. However it is not known whether (1.10) is the only allowed solution and hence whether the metric and the metric-affine formalism are also equivalent for general Lovelock theories. In fact there are indications that this is not the case.
Recently, a first solution, physically inequivalent to (1.10), was presented for the k = 2 case. To be specific, in [30] it was shown that the projective Weyl connection
is a solution for the pure Gauss-Bonnet-Palatini gravity for arbitrary B µ , but only in n = 4 (which is precisely the critical dimension corresponding to k = 2). It was argued that the existence of the solution is related to the conformal invariance (i.e. invariance under rescalings of the metric) of both the metric and the metric-affine Gauss-Bonnet term in n = 4. Furthermore, it was shown that the transformation
is a symmetry of the four-dimensional Gauss-Bonnet-Palatini theory when it is restricted to metriccompatible connections, L
2 | Q=0 , but not of the full theory L
2 with arbitrary connections. Since in the full theory there is no symmetry transformation that relates (1.12) to the known solutions (1.10), the new solution is interpreted as physically inequivalent to the Levi-Civita connection.
3
The existence of a non-trivial solution and of a transformation that is a symmetry of the truncated, but not of the full Lagrangian, are the first hints that the four-dimensional GaussBonnet theory might not be a total derivative in the metric-affine formulation. As these topological theories do not have dynamical equations of motion, there are no restrictions on its field content and any field configuration appears as an allowed solution. However, as this might be true for the truncated critical Gauss-Bonnet-Palatini term L (4) 2 | Q=0 , it is clearly not the case for the full theory L (4) 2 . The idea is then that the non-metricity Q µνρ spoils the topological character of the critical Gauss-Bonnet-Palatini term. Moreover, as the solution (1.12) is conjectured to exist in all k-th order Lovelock terms in n = 2k [30] , these properties would hold for all critical Lovelock theories.
The aim of this paper is to proof that this is indeed the case. In Section 2 we will deal with the simplest of all critical Lovelock theories, namely the two-dimensional Einstein term in the metric-affine formulation. We will compute the equations of motion of the metric and the affine connection and show that they do not impose any conditions on the metric or the torsion, but restrict the non-metricity in a non-trivial way. We will also show that the n = 2 Einstein-Palatini action can be written as a total derivative plus terms that depend on Q µνρ . In Section 3 we will perform a similar analysis for the four-dimensional Gauss-Bonnet-Palatini term. We will first show that the Lagrangian is not a total derivative in the presence of non-metricity. Afterwards, as this theory is too complicated to be solved in general, we present a field configuration the does not obey the equations of motion of the theory, proving that the latter impose non-trivial conditions. In Section 4 we study the general critical k-th order Lovelock term, deriving its equations of motion, and discussing examples of field configurations that do and do not satisfy these. We will start our discussion in the language of affine connections, but gradually move to language of differential forms, which turns out to be especially useful to treat with Lovelock Lagrangians and their equations of motion. A brief review of differential forms, general properties of connections and the derivations of the equations of motion can be found in the Appendices. 2 We call the projective Weyl connection the generalization of the Weyl connectionΓµν ρ =Γµν ρ + Bµδ 2 The Einstein-Palatini action in n = 2
Solving the Einstein-Palatini theory
The two-dimensional metric-affine Einstein-Palatini term is given by
where
The equations of motion for the metric and the connection are given by [26, 30] 
Note that the Einstein equation is automatically traceless in two dimensions and can not be further simplified. Similarly, in n = 2 only the δ λ µ trace of the connection equation is non-trivial and relates the different traces of the non-metricity as
Substituting this condition into (2.2), we find
The connection equation (2.5) can be best solved dividing the torsion and the non-metricity into their irreducible components. As can be seen in Appendix A, in n = 2 the torsion is pure trace,
as the other irreducible parts are identically zero. Plugging (2.6) into the connection equation (2.5), it is easy to see that the torsion drops out of the equation, but that the non-metricity should obey the condition
In other words, also the non-metricity is pure trace. The most general affine connection that satisfies both (2.6) and (2.7) is the projective Weyl connection (1.12),
as the torsion and non-metricity are given by
This connection (2.8) was conjectured in [30] to be a solution of any critical Lovelock theory and indeed we find it here as the most general solution of the n = 2 metric-affine Einstein-Palatini action.
Once the most general connection is known, let us look at the Einstein equation. The twodimensional Ricci tensor and scalar constructed from (2.8) are given by
They are zero Table 2 .1: Splitting of the degrees of freedom of the affine connection in general dimension and in n = 2. The last column shows the conditions imposed by the equations of motion of the two-dimensional Einstein-Palatini theory. Observe that the indetermination of the trace of the non-metricity holds in arbitrary n due to projective symmetry.
where∇ is the Levi-Civita covariant derivative and
It is easy to see that the metric-affine Einstein equation (2.2) with the connection on-shell reduces to the Levi-Civita one:
The latter does not impose any conditions on the metric, as the metric Einstein-Hilbert term is a topological invariant in n = 2. Indeed, it is well known that in two dimensions all metrics are conformally flat, g µν = e 2φ(x) η µν , such that the Ricci tensor and scalar,
yield an Einstein tensor that vanishes identically. We thus find that the two-dimensional Einstein-Palatini term leaves both the metric and the torsion completely undetermined, but puts dynamical conditions on the non-metricity. Indeed, although the pure trace conditions (2.6) and (2.7) of the torsion and the non-metricity look similar, it should be clear that their origin is completely different: (2.6) is a group-theoretical argument valid in general in two dimensions, while it is the connection equation (2.2) that forces the nonmetricity to be pure trace, Q µνρ = Q µσ σ g νρ . As can be seen in Table 2 .1, besides the trace, the non-metricity has another 4 degrees of freedomQ µνρ , which are set to zero by the dynamics of the theory. We refer to Appendix A for a quick discussion about the number of degrees of freedom of the different irreducible parts of T µν ρ and Q µνρ . A more detailed study can be found in [31, 32] . The fact that there are non-trivial conditions on Q µνρ strongly suggests that the two-dimensional Einstein-Palatini action is topological when endowed with a torsionful metric-compatible connection, but not for connections with non-vanishing Q µνρ . We will now show that indeed, in general, the Einstein-Palatini action (2.1) can be written as a sum of a total derivative term and a term that depends on Q µνρ .
The n = 2 Einstein-Palatini action is not a total derivative
In order to study the form of the Einstein-Palatini action, we will quickly introduce the Vielbein formalism in the language of differential forms (we refer to Appendix B for a quick review of differential forms). We start considering an arbitrary smooth distribution of bases e a over the different tangent spaces, which we will call a frame, and the dual distribution of cobases or a coframe ϑ a ,
In other words, we have that ϑ a (e b ) = e a µ e µ b = δ a b (in addition, we also have e ν a e a µ = δ ν µ ). We can now obtain the components of the metric in this new basis as
(2.14)
In principle, these anholonomic components of the metric g ab are completely general. However, in order to simplify many expressions, we will we consider throughout the paper a particular GL(n, R) gauge for the coframe, in which g ab is independent of the point, i.e. its components are constants, dg ab = ∂ µ g ab dx µ = 0. In the language of differential forms, the affine degrees of freedom of the theory are encoded in the connection 1-form, ω a b = ω µa b dx µ , whose components are nothing else than the components of the affine connection, transformed to the anholonomic basis: The curvature and torsion 2-forms and the non-metricity 1-form are then defined as
17)
18)
whose components are indeed those of the corresponding curvature, torsion and non-metricity tensors we introduced previously:
In the presence of a metric, the indices of the connection 1-form can be freely raised and lowered. As a consequence, ω ab can be split into its symmetric and antisymmetric parts, 23) where the antisymmetric partω ab is a connection in its own right and the symmetric part is directly proportional to the non-metricity, thanks to the GL(n, R) gauge choice dg ab = 0. It is not difficult to see thatω a b is a metric-compatible connection, whose torsion depends on the torsion and the non-metricity of ω a b . Taking into account the projective invariance (1.11) of the Einstein-Palatini action, it is useful to split the non-metricity Q ab =Q ab + Each of these three fields (ω a b ,Q ab and Q c c ) can be treated as an independent field, giving a system of three equations of motion, equivalent to the equation of motion of ω a b . The curvature 2-form of ω ab andω ab are hence related as 25) whereD is the (metric-compatible) exterior covariant derivative associated withω ab . This allows us to express the two-dimensional Einstein-Palatini action (2.1) as
where we have introduced the two-dimensional Levi-Civita tensor E a1a2 = | det(g ab )| ε a1a2 , canonically associated to the metric (see Appendix B for the general definition). The extra minus sign in (2.26) corresponds to sgn(g), which, in our signature convention, is −1 for all critical dimensions. The termsDQ ab and dQ c c g ab drop out of the action, due to the antisymmetry of E ab . Note that Q c c does not appear in the Einstein-Palatini action, and hence remains undetermined, in agreement with the projective symmetry. As we will see, this property also holds for the general Lovelock Lagrangians (critical or non-critical) [30] .
Considering an orthonormal gauge g ab = η ab , we find that 27) where in the first step we have used that E abω ac ∧ω c b = 0, due to the antisymmetry of both E ab andω ab and the fact that the theory lives in n = 2 (the indices a, b and c have to be all different, but at the same time can only take values in the set {1, 2}), while in the second step we used the fact that dE ab = dε ab = 0. The two-dimensional Einstein-Palatini action therefore reduces to
So we find that the two-dimensional metric-affine Einstein term cannot be written as a total derivative, unless the connection verifiesQ ab = 0. Let us insist thatω a b is an arbitrary metriccompatible connection (that might include torsion). Indeed it is only the (traceless part of) the non-metricity what spoils the topological character of the theory.
Finally, let us quickly derive the results of the previous subsection in the language of differential forms. AsQ ab is the only dynamical variable of (2.28), its equation of motion can easily be calculated as 0 = δQS
whose only solution is the one we found in (2.7),
3 The Gauss-Bonnet-Palatini action in n = 4
Our next step will be to look at the second order Lovelock term in the corresponding critical dimension, the four-dimensional Gauss-Bonnet-Palatini theory, whose action is given by
Unfortunately, the dynamics of this case is already too complicated to solve the theory completely, as we have done for the n = 2 Einstein-Palatini theory. However we will argue that also here it is the traceless part of the non-metricityQ ab what prevents the theory from being a boundary term, first by writing the action (3.1) as a total derivative plusQ-dependent terms and then presenting some specific field configurations that do not obey the equations of motion.
The n = 4 Gauss-Bonnet-Palatini term is not a total derivative
In order to isolate a total derivative term in the action (3.1), it is again useful to split the connection 1-form into its antisymmetric, traceless symmetric and trace parts, in a way similar to (2.24). In n = 4 we have
2)
5 Recall that this action can also be written in components as
where R (2) µ ν = g ρσ Rµρσ ν is the second contraction of the Riemann tensor.
yielding the Riemann tensor to split as
Substituting this into (3.1), the action becomes
The first term is the four-dimensional Euler characteristic and can easily be written as a total derivative (see for example [21, 32] ). We therefore find that the action (3.1) is of the form
Again we find that the n = 4 Gauss-Bonnet-Palatini term can only be written as a total derivative for affine connections withQ ab = 0.
The equations of motion of n = 4 Gauss-Bonnet theory
Let us now look at the dynamics of this theory. The equation of motion of the coframe ϑ a is the easiest to compute for the action in the form (3.1). As explained in Appendix C, the equation of motion for a general Lagrangian of the form L(g ab , ϑ a , R a b (ω)) is given by
Specifically, for the Gauss-Bonnet term (3.1), we find that
In other words, the equation of motion of the coframe is automatically satisfied, for any frame e a and connection configuration ω a b . This property is not surprising for metric-compatible connections, as we have just proven that in that case the Lagrangian is a total derivative. However, for general connections withQ ab = 0, this is much less obvious. We will see in the next section that this property is true for all critical metric-affine Lovelock terms.
As we explained above, the equation of motion of the connection is equivalent to the system of dynamical equations for the fieldsQ ab andω a b , given respectively by
The last equation has been contracted by another Levi-Civita tensor to eliminate the one coming from the Lagrangian, using (B.8). In principle, this produces the antisymmetrisation in {ab}, which can be dropped, since,Q ab being a 1-form, the combinationQ c a ∧Q bc is already antisymmetric. As we mentioned earlier, these equations of motion are too complicated to solve in their full generality. However to illustrate the non-topological nature of the action (3.1), it is sufficient to come up with a field configuration that does not satisfy the equations (3.10), as this would proof that the equations of motion do impose some non-trivial conditions. For instance consider the gravitational field configuration
where η ab is the Minkowski metric, f is an arbitrary function and
Let us remark a couple of details. First, note that this Ansatz is consistent with the fact thať Q ab is traceless, since α c δ c t = 0. Furthermore, observe also that we can everywhere drop the Levi-Civita connection, since the associated metric is Minkowski and the latin indices are referred to the Cartesian basis of the space, as can be seen in the expression for ϑ a in (3.11). Under these conditions we have thať 13) and, with this in mind, it is not difficult to check that the Ansatz is a counterexample that violates the condition (3.10):
It is worth remarking that this inequality holds in the entire manifold, since this set of coordinates is globally defined. This result proves that the metric-affine Gauss-Bonnet term in n = 4 is not a trivial theory (in the sense that it cannot be written as a total derivative), since only some configurations of the fields are allowed by the equations of motion.
4 The k-th order metric-affine Lovelock term in n = 2k
Proving that the theory is not a boundary term
Finally we will analyse the general case of the k-th order Lovelock term in n = 2k dimensions, defined as L
Again, splitting the connection ω ab into its antisymmetric, traceless symmetric and trace parts,
it is straightforward to check that the action can be written as a power series inR andQ ∧Q terms,
of which only the m = k termR a1 a2 ∧ ... ∧R a 2k−1 a 2k is in fact a boundary term [33] . This can be easily seen using the Bianchi identity ofD to show that it is a closed form and, hence, locally exact by Poincaré lemma. For this reason, we will eliminate this term for the rest of this section, as it does not contribute to the equations of motion.
As we did in the Gauss-Bonnet case, we will construct a field configuration that does not satisfy the equation of motion ofω a b , proving that the latter is not automatically satisfied. The equation of motion ofω a b can be found in (C.10), and the right hand side of the equation is given by
where we have taken into account the Bianchi identityDR a b = 0. Consider now the Ansatz
where we now define
and the x a take values in the set {x 1 = t, x 2 , ..., x 2k }. Note that this Ansatz is consistent witȟ Q c c = 0. Since our connectionω ab is flat, we have thatR ab = 0 and only the m = 1 term in (4.4) survives, as it is the only one that does not containR ab . For the same reason, the covariant exterior derivative reduces to the ordinary exterior derivative:D = d. The equation (4.4) then simplifies to
As in the Gauss-Bonnet case, we have thatQ c a ∧Q bc = α a ∧ α b , so the equation (4.8) can be rewritten as
Again, it is easy to see that this expression is non-zero in the entire manifold, except for k = 1. However, as we already solved the k = 1 case completely in Section 2, in practice we are only interested in k > 1. In summary, by finding a field configuration that does not satisfy theω a b equation, we have extended the argument from the Gauss-Bonnet case to general k-th order critical Lovelock theories, proving that in general the equations of motion impose non-trivial conditions.
Exploring non-trivial solutions of the critical case of arbitrary k
According to the previous result, it makes sense to search for non-trivial solutions for the critical metric-affine Lovelock theory of arbitrary order. It is not difficult to see that the triviality of the equation of the coframe, proven in Section 3 for the Gauss-Bonnet case, is in fact a general property for all critical Lovelock theories. Indeed, it is straightforward to generalise the argument given in (3.8) to arbitrary k. Yet, there is also a particularly simple way of seeing this, looking at the direct variation with respect to the coframe given in (C.2),
In contrast to the (non-critical) k-th order Lovelock term in arbitrary dimensions n,
the critical k-th order Lovelock term (4.1) has no explicit dependence on the coframe, implying that the equation (4.10) is trivially satisfied. A similar proof for critical Lovelock terms for arbitrary order in the metric formalism can be found in [34] . Consequently the only remaining equation is the one for the connection. Varying the action with respect to ω a b , we find (see (C.3))
(4.14)
We will consider an arbitrary coframe ϑ a , such that g ab are constant, as this is an hypothesis we have been using from the beginning. By observing the equation (4.14) one can easily deduce a series of non-trivial connections that, together with that coframe, constitute solutions of the theory:
• Solutions for arbitrary k: In general, the equation is fulfilled by any connection with identically zero traceless partQ ab (i.e. Q µνρ = V µ g νρ for some 1-form V µ ). Note that an interesting subcase is the connection (1.12), that was presented in [30] as a particular non-trivial solution for the k = 2 case, but conjectured to hold for arbitrary k.
• Solutions for k > 1: For the second or higher order Lovelock critical Lagrangian, in the equation (4.14) there is at least one curvature as a global factor, so any teleparallel connection (R c d = 0) is a solution. Indeed, we can infer a slightly more general result: any connection satisfyingQ
gives a solution of the equations of motion.
• Solutions for k > 2: In these cases, there are two or more curvatures in the equation of motion. So any connection such that R ab = α ab ∧ k for certain 1-forms α ab and k, is a solution. In this category we find for example those studied in the context of gravitational waves in Poincaré gravity [35] , where k is the dual form of the wave vector.
Conclusions
In this paper we studied metric-affine Lovelock theories in critical dimensions, i.e. the k-th order term in n = 2k dimensions. Where it is standard lore that critical Lovelock terms are topological invariants, when equipped with the Levi-Civita connection, we have proven that this is not the case for general affine connections. In particular, it is the traceless part of the non-metricity
ab that adds extra dynamical degrees of freedom to the Lagrangian. We have performed a case by case study, starting with the lowest order case, the EinsteinPalatini action, and gradually moving up till the general k-th order term. For the two-dimensional Einstein-Palatini case, we have found the most general solution. It is given by an arbitrary (constant) metric g ab , an arbitrary coframe ϑ a and a connection that is restricted to have vanishinǧ Q ab . This constraint, which affects four of the eight degrees of freedom of ω a b , is an indicator that the Lagrangian cannot be an exact form, as it imposes non-trivial conditions on the field configurations. Indeed, by decomposing the connection into its antisymmetric partω a b and its non-metricity Q ab and rearranging the terms in the Lagrangian, we have shown explicitly that the Einstein-Palatini term takes the form of a boundary term that depends onω a b plus a non-exact form that depends onQ ab .
The analysis we made for the Gauss-Bonnet-Palatini case is in fact a particular example of the general critical metric-affine Lovelock Lagrangian, so we will discuss all k > 1 cases together. In all of them, the theory is too complicated to solve completely. However, we were able to proof the dynamical nature of the theory by providing a counterexample that violates at least one of the equations of motion. This implies that the Lagrangian cannot be reduced to a boundary term, since in that case the equations of motion would have been identically satisfied for all configurations. Again we find in all the cases that the Lagrangian can be written as an exact form plusQ ab -dependent terms. Therefore, in the metric-affine formulation, it is not possible to rewrite curvature invariants in terms of other ones through integration by parts, since additional terms depending on the traceless part of the non-metricity come into play.
Then, we showed that the coframe equation is always identically satisfied, but that this is not the case for the connection equation, as our counterexamples illustrate. Finally we suggested some non-trivial families of solutions for different values of k.
As we mentioned earlier, the traceless part of the non-metricityQ ab appears as the main agent that prevents the theory from being a boundary term. It is worth remarking thatQ ab is not an irreducible part of the non-metricity under the GL(n, R) group, as can be seen in the Appendix A. It would be interesting to splitQ ab into its three irreducible parts and see whether they are all dynamical or whether the non-topological nature of the critical Lovelock actions comes only from a specific part.
So far, we have only looked at the dynamics of separate Lovelock terms in critical dimensions. It would be interesting to investigate the full Lovelock theory including all the terms with k ≤ ⌊n/2⌋, and look for non-trivial solutions of the full theory. We leave this for future research.
part. In particular T (tn) µν ρ satisfies the following cyclic property:
Note that in general the 1 2 n 2 (n − 1) components of the torsion are distributed as follows over the three irreducible parts: T (tr) µν ρ has n independent components, T (a) µν ρ has 1 6 n(n − 1)(n − 2) and T (tn) µν ρ the remaining 1 3 n(n − 4). The decomposition of the non-metricity is a bit more involved. In this case, there are four irreducible components,
where the first term is the trace of the non-metricity one-form Q νρ = Q µνρ dx µ , the second one is the rest of the trace, Q (s) µνρ is the totally symmetric part without trace, and Q (tn) µνρ is the trace-free tensor component with no totally symmetric part (Q (tn) (µνρ) = 0). Defining
the different components can be expressed as
The 1 2 n 2 (n+1) independent components of the full non-metricity are distributed over its irreducible parts as follows: each of the traces, Q (tr1) µνρ and Q (tr2) µνρ has n independent components, Q 
B Brief review of differential forms
The exterior notation is very natural when dealing with gauge theories. It is known that metricaffine gravity can be seen as a gauge theory of the n-dimensional affine group [32] . In fact, the basic physical objects in this formalism are differential forms over the spacetime with values in certain representation of the gauge group (depending on how the latin indices transform),
For example, the metric g ab and the coframe ϑ a transform homogeneously (in the tensor product representation of the fundamental one), however the connection ω a b transforms under the adjoint representation.
Interior product
The interior product by a vector, V = V a e a = V µ ∂ µ , is the linear operator that acts on 1-forms as ∂ µ α = α µ ⇔ e a α = e 
Hodge duality
A metric structure in a manifold induces an isomorphism between the space of p-forms and the space of (n − p)-forms (for each p). This isomorphism, called the Hodge duality, can be explicitly given by the Hodge star operator: C Metric-affine equations of motion for general curvature dependent Lagrangians
In metric-affine gravity, the Noether identities of Diff(M ) and GL(n, R) imply that only the equations of motion of ϑ a and ω a b are necessary, since the equation of the metric is identically satisfied if the other two are [32] .
Consider a Lagrangian that depends on the connection only through the curvature, i.e. and that the remaining theory is both independent of Q c c andDQ ab , such that we have an action of the typeŜ 
